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INVOLUTORY TRANSFORMATIONS IN THE PROJECTIVE GROUP 
AND IN ITS SUBGROUPS * 

Bx Edwin Bidweul Wilson 

The importance of simple transpositions in the general theory of substi- 
tutions would naturally lead to the investigation of the corresponding geo- 
metric problem of the relation of involutory transformations - !- to the groups in 
whicli they occur ; and in fact a considerable number of researches upon this 
subject have been published. Several mathematicians, obviously under the 
influence of Cremona, have taken up the involutory transformations of the 
Cremona type in all generality, and Kantor has even extended the field of 
operations to Cremona transformations of period higher than two.| On the 
other hand Study and Wiener, working in the early nineties, chose a more 
special field and brought the theory of the group of motions and transforma- 
tions of symmetry in its relation to the allied involutory transformations to a 
high state of detailed development. § 

♦Presented to the American Mathematical Society, September 4, 1906, as the intro- 
duction to a paper on " Oblique reflections and unimodular strains." 

t An involutory transformation may be defined as one of period 2; and a transforma- 
tion is said to be of period p when p is the smallest number such that a p-fold repetition of 
the transformation gives the identical transformation, that is, T p = 1 or T p+1 = T. 

J After the initial work of Cremona and Jonquieres, there followed a large number of 
papers on periodic and in particular involutory bi-rational transformation. It will be suffi- 
cient to cite memoirs by Bertiui in the Rendiconti of the Royal Institute of Lombardy for 
the years 1883 and 1889, where ample references to preceding work are given: and Kantor's 
Theorie der endlichen Gruppen von eindeutigen Transformationen in der Ebene, Berlin, 1895. 

§ E. Study, '^Von den Bewegungen und Umlegungen," Mathematische Annalen, vol. 39, 
pp. 441-566 (1891). H. Wiener, a series of papers in the Leipziger Berichte, vols. 42, 43, 45 
(1890-93). 

(77) 
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This work was taken up later by Gale and Wood, the latter of whom ex- 
tended it to cover non-Euclidean motions.* Smith then attacked the classical 
problem of the transformation of a quadratic form into itself, and solved it by 
means of central reflections, t If the quadratic surface obtained by setting the 
form equal to zero be considered as the absolute in a non-Euclidean geometry, 
it appears that the work done by Smith is, in its geometrical aspect, still essen- 
tially confined to the group of (non-Euclidean) motions and transformations 
of symmetry (in any number of dimensions). 

In regard to the study of the general group of collineations from the point 
of view of its involutory transformations very little of a detailed nature has 
been accomplished. Some years ago I published a short note concerning the 
relation of the general collineation in space of three dimensions to skew reflec- 
tions ;t hut as Smith subsequently showed, this question is much better 
treated by introducing line coordinates and regarding the problem as one in 
non-Euclidean geometry of five dimensions. § After introducing the concep- 
tion of area (or volume) relative to a line (or plane) , I treated in some 
detail those collineations of the plane which leave invariant the area relative 
to some line. || Recently Haskell has obtained an existence theorem for the 
decomposition into central reflections of any ^-dimensional collineation which 
has a complete set of fixed points ; but he leaves the geometry of the problem 
quite untouched. 1T 

The object of the present communication is to set forth systematically 
certain elementary properties of involutory projective transformations which 
are at the basis of the investigations mentioned above and which shall serve 
as an introduction to further work. It may be stated that there is an algebraic 

* A. S. Gale, "Wiener's theory of displacements, etc.," Annals ok Mathematics, ser. 2, 
vol. 2, pp. 1-7 (1900). B. 6. Wood. "The collineations of space which transform a non- 
degenerate quadric surface into itself," ibid., pp. 161-171 (1901). 

f F. F. Smith, "On the linear transformations of a quadric into itself," Trans. Amer. 
Math. Soc, vol. 6, pp. 1-16 (1905). 

JE. B. Wilson, Trans. Amer. Math. Soc, vol. 1, pp. 193-196(1900). 

§P. F. Smith, loc eit., p. 15. 

|| E. B. Wilson, "Ueber eine vomBegriffe der Lange unabhiingtge Definition des Volu- 
mens," Jahresberieht der Deutschen Mathematiker-Vereiningung, vol. 12, pp. 556-561 (1903) ; and 
"A generalised conception of area; applications etc.," Annals op Mathematics, ser. 2, vol. 5, 
pp. 29-45 (1908). 

*JM. W. Haskell, "The resolution of any collineation into perspective reflections," Trans. 
Amer. Math. Soc, vol. 7, pp. 861-869 (1906). 
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as well as geometric interest which the present problem may serve. The 
transformation 

px\ = flu*! + • • • + Ol„ + l »»+l 
fXCi = 02!*! + • • • + «j n+ i * n+ i 



px' n = a nl x l + ■ ■ . + « nn +i *n+i 

P^n+l — a n+l\ x \ + * • • + «»+lii+l*»+l 

may be regarded in a double aspect. If the as's are interpreted as homoge- 
neous point coordinates in space of n dimensions, the equations are those of 
the general projective transformation in this space ; but if the x's are inter- 
preted as Cartesian coordinates of the points in space of n + 1 dimensions 
(and a fixed value, say unity, is given to p) the equations become those of 
the general homogeneous strain in n + 1 dimensions. This strain may be re- 
garded as a multiple quantity in (n + 1 ) 2 units. The product of two strains 
will be given by the properly chosen product of the corresponding multiple 
quantities.* As the identical transformation is represented by the idemfactor 2, 
the involutory transformations must be the geometric counterparts of the 
square roots of I (or, in the projective group, of kl) . 

Thus, the involutory transformations of the linear group are interesting 
not only because they are the projective generalisations of the various kinds of 
ordinary physical reflections and because they are the natural generalisations of 
pimple transpositions, but also for the reason that they correspond to the sim- 
plest roots of the simplest multiple quantity — the square root of the idemfactor, 
xohich is but the generalisation of unity.] 

1. The projective involutory transformations. It is well known 
that the various physical reflections and their projective generalisations are 
involutory collineations. It seems to be taken for granted that these are the 
only collineations which are involutory — which indeed is true. The proof of 
this fact has been given by Bertini ;} but as no subsequent writers refer to his 

* See £ribbs, "On multiple algebra," Proceedings of the Ameriean Association for the Ad- 
vancement of Science, vol. 35, 1886. 

f The detailed development of this aspect of the relation of involutory transformations 
to the general projective group is reserved for a later paper on "Oblique reflections and uni- 
modular strains." 

t Bertini, in the Bendieonti of the. Royal Institute of Lombardy, vol. 19, pp. 176-183 
(1886; under the title "I.e omografle involutorie in uno spazio lineare a qualsivoglia nnmero di 
dimension!. " 
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paper, a somewhat different demonstration of the theorem may be given here 
for the sake of completeness and in order that we may have more definitely in 
mind the fundamental geometric entity with which we deal. The proof is by 
induction, and depends on the theorem that any collineation in w-dimensional 
space has at least one fixed linear space of n — 1 dimensions.* (If it were 
assumed that an involutory transformation had a complete set of fixed points, 
that is, in space of n dimensions n + 1 linearly independent fixed points, 
the proof would be immediate and obvious. It is, however, our purpose 
throughout this work to avoid the vague assumption that we are dealing 
with the "general" case — an assumption which is the bane of a great deal of 
geometric work) . f 

Consider first the case in one dimension. By virtue of the fundamental 
theorem which has been assumed, any linear transformation of a line must 
have one fixed point. If this be taken as the point "infinity" of a projective 
number system upon the line, the transformation becomes 

T: x' = ax + b 

and T 2 : x" = ax' + b = a?x + b(a + 1 ) = x. 

Hence a 2 = 1 and b(a + 1) = 0. 

If now a = + 1, it follows that b = 0, and hence T reduces to x' = x 
which is the identical transformation, obviously though trivially involutory. 
If on the other hand a — — 1, a change of the origin to the point b/2 brings 
the equation of transformation to the form 

T: x' = — x or px[ = — x x , px! i = + x i .% 

Thus the transformation has two fixed points, the origin and infinity, 
and is merely the well known involution on a line. A similar result obviously 

* See Muth, Theorie der Elementartheiler, p. 200. Or better, merely note that if the x''s 
i>e set equal to the x's in the equations of the transformation given above and if the condition 
be expressed that the resulting n + 1 equations have a solution for the .x's, a value of p may be 
obtained which -will satisfy the equations and thus a fixed point of the transformation is found. 
By duality, there must be a fixed linear space of n — 1 dimensions. 

fSee "A problem in analytic geometry, with a moral," by M. B&cher, Annals oi 
Mathkmatics, ser. 2, vol. 7, pp. 44-49 (1905). 

% A proof quite similar to this may be applied to any periodic transformation of order p. 
in fact the formulas for 7> are: x ( w = «;> % + {>(«?> -' -\- a v-i 4. •••-(- a + 1) = x. Hence a is 
some p th root of unity. If 6=0, T is already of the type desired; if not, a transfor 
mation of the origin to the point b/{\ — e), where e is thep th root of unity, brings IT to the typ< 
}%[ = «Xj, px't = xq. Hence there are two fixed points. 
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holds in the case of a pencil of lines or of planes, or any set which depends on 
one linear parameter and which undergoes an involutory transformation. 

In the case of the plane one line must be fixed. It may be fixed point 
for point or only as a whole — in which case the transformation upon it must 
be involutory. In either case there are at least two distinct fixed points on 
the line. Consider the pencils which have their vertices at these points. 
Each of them is transformed either identically or in an involutory fashion. 
Hence, as has been seen above, there must be not less than two fixed rays in 
each pencil, one in addition to the assumed fixed line. These additional rays 
intersect in a point which is fixed. Hence in the plane the involutory trans- 
formation has a complete set of fixed points. Passing on to space we note 
that there must be at least one fixed plane by virtue of the assumed funda- 
mental theorem. Whether this plane is transformed identically or in involu- 
tory fashion, it contains a complete system of three fixed points joined by 
three fixed lines. If the same reasoning be applied to the pencils of planes 
which have these lines as axes as was applied to the pencils in the case 
of the plane, it becomes evident that there is a fourth fixed point not in the 
plane which was assumed as fixed. Hence the complete set of points for 
space ; and so on to any number of dimensions. 

The equations of any collineation in n dimensions referred to a system of 
fixed points are 

T: px{ = a x x t T* : px x ' = a\ x x 

px' 2 = a^x i px% = a% ajj 



px' n = a n x„ px>^ = < x n 

P®n+1 = «n+l Bn+l P x n+1 = «& + l *n+l- 

Hence if T is involutory the o's are square roots of unity and the equations 
may be written in the form 

px[ = ± «!, px^ = ± asj, ... px' n = ±x n , px' n +i = ± «„+!•* 

* The proof may be extended to transformations of period p. No step has to be altered, 
except that the preceding foot-note must replace the work in the text. The result is that any 
transformation of period p may be written in the form 

px[ = e, x v p4 = e 2 xj, . . . , />x' n = e n x H , pxi, +1 = e. +1 « n+1 , 
where e„ « 2 , . . ., « B+1 are any j? ,h roots of unity. 
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There are many different combinations of sign which are possible, but 
owing to the possibility of permuting the letters and of multiplying through 
by a factor, the number of essentially different involutory projective trans- 
formations is only E( — ~ — J, where E(x) denotes the integral part of x. If 

the first k signs be taken negative and the remaining n — k + 1 be positive, 
the transformation takes the form 

px[ = - x 1 , pxlt = - x 2 , • • -, px' k = - x k , 

px' k+1 = x k+1 , ..., px'„ = x n , px' n+1 = x„ +1 . 

The linear spaces defined by 

&n-k • x 1 = x 2 = ■ • ■ =x k = 0, 

8 k _i : x k+1 = • • • = x n = x n+1 = 

remain identically fixed, as the ratios of the coordinates of their points are not 
changed. The coordinates of any pair of points which interchange their posi- 
tions are 



x 1 :x 2 : • • 


• : s* : **+i : 


: x n : £ n +i, 


— a^: — as,: 


• : - x k : x k+1 : 


• • : x k : x k+1 . 



These points are collinear with and harmonically situated with repect to the 
two points 

0:0: • • • : : x k+1 : ... : x n : x n+1 , 

aj x : av • • • :x k : : • • • : : 0, 

which lie respectively in the spaces 8 n _ k and S k _ v As this is precisely the 
definition of a projective reflection, it appears that the only involutory col- 

lineations are the projective reflections of the E ( — ^— J different types above 

found. That the projective reflection of the points of S„ in any two non- 
intersecting spaces S k _ 1 and S n _ k is involutory and definite, is obvious. 

If the symbol T(k — 1 , n — k) denote a projective reflection of 6' n in 
the twro non-intersecting spaces #*_! and 8 n _ k , the number of degrees of 
freedom of T is the sum of the numbers of degrees of freedom of the spaces 
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8 k _i and # n _j. in S n . Now the number of degrees of freedom of #< in 8 n is 

n(i+ 1) - (i+ l)i = (n-i)(i+ 1), 

because it takes i + 1 points each with n coordinates to determine S if while at 
the same time each of these i + 1 points has i degrees of freedom. Hence 
T(k — 1 , n — h) has 

(n - A; + 1)* + k(n - k + 1) = 2&(n - k + 1) = 2(k - 1 + 1) (n -A; + 1) 

degrees of freedom. The following table may therefore be constructed in 
which the first column gives the number of dimensions, the second the type 
of the reflection, the third its number of degrees of freedom, the fourth the 
number of degrees of freedom in the general collineation, the fifth the number 
of involutory collineations required for the resolution of the collineation, and 
the sixth the remaining degrees of freedom. 



n = l 


T(0, 0) 


2 


3 


2 


1 


n = 2 


T(0, 1) 


4 


8 


3 


4 


n = 3 


^(0, 2) 
T(l, 1) 


6 
8 


15 
15 


4 
3 


9 
9 


w = n 


T(p, n - 1) 
T(k -l,n-k) 
rp(n - 1 n-\\ 

\ 2 ' 2 ; 


2n 

2k(n-k + l) 

(n + l) 2 
2 

n(n + 2) 
2 


n(n + 2) 
w(n + 2) 

»»(n + 2) 
n(« + 2) 


n + 1 

? 

3?* 
3? 


? 


raeven 


2 ' X 

n(n + 2) 
2 



So much for the general theory. 

2. The discussion Of the subgroups. The number of types of 
involutory collineations in the general projective group has been seen to be 



* It seems probable that If the projective reflection which has the greatest number of de- 
grees of freedom be chosen, three will suffice for the resolution of the general collineation. 
The proof has thus far been given only in the case of n g 3 ; see p. 78. 
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U( — g — V In the various subgroups the number of types may be the same 

or less or more. For each of these subgroups is specified by the addition of 
certain invariants. The problem of determining all the involutory transfor- 
mations in any subgroup of the projective group is merely that of combining 
in all possible distinct ways the fixed spaces of the reflections with the inva- 
riants of the special group. This may be illustrated as follows. 

In the group of motions in the plane the two circular points are indi- 
vidually fixed. Hence two cases may arise. Either the line at infinity is the 
fixed line of the reflection T(0, 1) and the fixed point any point of the plane, 
or one of the circular points is the fixed point, that is, the center of the reflec- 
tion, and the fixed line or axis of the reflection passes through the other. The 
first case gives rise to the ordinary physical reflection in a point or, in other 
words, to rotation about the point through the angle of 180°. The second 
case gives a transformation which may be written with the Cartesian equations 



x' = iy, y' = — iB, i — V — 1. 

The use of this transformation for studying the Euclidean group seems slight. 
The product of any number of physical reflections in points produces merely 
a translation and therefore cannot suffice for the general discussion of the 
Euclidean group. It may be noted that the identical invariance of the circular 
points does not restrict the group to that of Euclidean motions, but allows di- 
latations to enter. As the reflections above mentioned cannot introduce any 
dilatation, it is not necessary to trouble with that additional invariant of the 
Euclidean group which serves to shut out the dilatations. 

If the set of transformations of symmetry be adjoined to the Euclidean 
group, the resulting group leaves the circular points invariant merely as a pair. 
Hence in addition to the foregoing cases the center of the reflection may be 
any point on the line at infinity and the fixed line (which must cut the line at 
infinity in a point harmonically situated to the center with respect to the cir- 
cular points) will take a direction perpendicular to the direction leading to 
that point which was chosen as center. The resulting involutory transforma- 
tion is then merely common orthogonal or physical reflection in the fixed line. 
The relation of this reflection to the group in question has been taken up else- 
where.* Passing on to the more general group which leaves a specified line in- 

* See Study and Wiener, loc. cit. 
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variant (the line may be taken as the line at infinity and the group then 
becomes the atfine group) we note that there are also in this case two kinds of 
reflection, central and oblique reflection. The former arises when the fixed 
line of the group coincides with the axis of the reflection ; the second when 
the center is situated on the fixed line. As a matter of fact the group which 
may be made up of such reflections leaves area with respect to the fixed line 
invariant.* 

In a similar manner in space of three dimensions there is seen to be only 
one type of reflection in the Euclidean group. This is orthogonal reflection 
in a line or rotation about the line through 180°. Thus the Euclidean group 
contains fewer types of involutory transformations than the general group of 
all colli neations. On the other hand if the group be extended to include all 
transformations of symmetry, there are three types of reflections — reflection 
in a point and orthogonal reflections whether in a line or in a plane. In this 
case the total number is greater than in the projective group. These groups 
have all been treated by other authors. f The natural generalisation of the 
Euclidean group to the non-Euclidean deserves a word and may be mentioned 
in the general case of any number of dimensions. The necessary and suf- 
ficient condition that a projective reflection shall leave a quadric surface inva- 
riant is that the fixed spaces /S k _ 1 and S n _ k be polar with respect to the sur- 
face. Thus the number of types of non-Euclidean involutory transformations 
is always the same as the number in the general projective group in the same 
number of dimensions. % 

The next step in the development of the theory of involutory projective 
transformations is concerned with the unimodular strains. The restriction to 
unitnodular strains is a necessary consequence of the invariance of volume under 
involutory strain. As theplane at infinity and the origin are to remain fixed, three 
and only three distinct types of involutory strain exist. If the projective trans- 
formation be of type T(0, 2) the fixed plane may be taken at infinity and 
the fixed point at the origin. This gives rise to reflection through the origin. 
The direction of all vectors issuing from the origin is reversed. It is also 
possible that the fixed plane pass through the origin while the fixed point is 
an}' point at infinity. In this case the transformation becomes oblique reflec- 
tion across the plane and in the direction leading to the fixed center at infinity. 

* See Wilson, Aknai.6 of Mathematics, loc. fit. 
t Study, Wiener, and Gale, loc. cit. 
% See Smith and Wood, loc. cit. 
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If vectors be resolved into two components, one along the fixed plane of the 
reflection and the other along the direction leading to the center at infinity, 
the former components will remain unchanged while the latter are reversed in 
direction. If the projective reflection be of type T(l, 1) one of the fixed 
lines may be arbitrarily chosen in the plane at infinity and the other must 
then pass through the origin with no other restriction save that it shall not be 
complanar with the first. If a plane be passed through the origin and the 
fixed line at infinity and if vectors be resolved parallel to this plane and to the 
fixed line passing through the origin, it is seen that the transformation consists 
in leaving the latter components unchanged and in reversing the directions of 
the former.* 

Yale University, 

New Haven, Conn. 

* The detailed treatment of the relation between these tiiree In volutoiy strains and the 
general unimodular strain is interesting from a number or points of view, geometric, algebraic, 
and physical. It will form the subject of another paper. 



